Abstract-We study a two-dimensional analog of the Helmholtz resonator with walls of finite thickness in the critical case, for which there exists a frequency which is simultaneously the limit of poles generated both by the bounded component of the resonator and by a narrow communication channel. Under the assumption that the limit frequency is a simple frequency for the bounded component, by using the method of matched asymptotic expansions, we construct asymptotics for the two sequences of poles converging to this frequency. We obtain explicit formulas for the leading terms of the asymptotics of poles and for the solution of the scattering problem.
This paper deals with the situation in which the cross-section of a cylindrical scatterer is, in the limit, homeomorphic to an annulus and the perturbed domain is obtained by cutting out a narrow channel κ ε joining both isolated components of the exterior of the limit cross-section (the bounded component Ω in and the unbounded component Ω ex ) and having a "diameter" of the order of ε 1 . The corresponding mathematical model (both for the perturbed and for the limit problem) is described by the Neumann boundary-value problem for the Helmholtz equation.
As is known [1], the analytic continuation of the solution of the perturbed problem in this case, in contrast to the case of the Dirichlet boundary conditions [2] , has two series of poles with small imaginary parts. The set Σ in of eigenfrequencies (roots of eigenvalues) of the Neumann problem for −∆ (of the limit interior problem) is the limit set for the first series. The set Σ cosh = {mπ/h} ∞ m=1 , where h is the length of the communication channel, is the limit set for the second series.
It was shown in [3] that, in the case for which the limit frequency k 0 is a simple eigenfrequency in the set Σ in separated from the set Σ cosh or, conversely, in cases k 0 ∈ Σ cosh \ Σ in , the analytic continuation of the Green function of each perturbed problem has a single first-order pole, the sequence of these poles converges as ε → 0 to k 0 , and to each of these poles there corresponds a single generalized eigenfunction.
In [4] , explicit formulas for the leading terms of the asymptotics for both of these characteristics and of the peaks of the scattering problem solutions were obtained for real frequencies close to k 0 by using the method of matched asymptotic expansions [5] [6] [7] . It follows from these formulas that, in both cases, in the exterior of the resonator (i.e., outside the bounded component and outside the communication channel), the solution of the perturbed problem differs, in the unbounded component, from the solution of the limit problem by an infinitesimal of magnitude O(1) . However, the behavior of the solution of the perturbed problem in the bounded component (in the trap) is significantly different in these cases: it is of the order of ε −1 for frequencies close to Σ in \ Σ cosh and is bounded for frequencies close to Σ cosh \ Σ in . In the present paper, we analyze the critical SCATTERING BY A CYLINDRICAL TRAP IN THE CRITICAL CASE 329 situation in which the limit frequency k 0 is simultaneously a simple eigenfrequency of the limit interior problem and belongs to the set Σ cosh . The results of this paper were announced in [8].
STATEMENT OF THE PROBLEM, PRELIMINARIES, AND STATEMENT OF THE RESULTS
Suppose that Ω in and Ω are simply connected bounded domains in
in(ex) ∈ C ∞ , and x = (x 1 , x 2 ) . We assume that, in a neighborhood of the origin, the domain Ω in coincides with the half-plane x 2 > 0 , in a neighborhood of the point x (0) = (0, −h) , h > 0 , the domain Ω ex coincides with the half-plane x 2 < −h , and the interval [0, −h] on the axis Ox 2 does not contain points from Ω in ∪ Ω ex . The domains Ω in and Ω ex are, respectively, the interior and the exterior of the resonator
where κ ε = (εω − , εω + ) × [0, −h] is the communication channel and ω − < ω + are arbitrary numbers. It is known that the scattering both of H-polarized fields by an ideally conducting cylinder with cross-section Ω ε and of plane acoustic fields by an ideally rigid cylinder with cross-section Ω ε is determined by the solution of the boundary-value problem
where r = |x| , ν is the outward normal, k > 0 , and F is a square integrable function whose support in Ω ex is bounded. In the case of acoustic scattering, u ε is the velocity potential. For the H-polarization, F is the third component of the vector − rot j in the case for which the current vector j is perpendicular to the line generating the cylinder and the electromagnetic field has the form
. In what follows, the limit interior (exterior) problem is understood as the Neumann boundary-value problem for the Helmholtz equations in Ω in (in Ω ex ). It is known (e.g., see [9] ) that, for positive k , the perturbed boundary-value problem (1.1), (1.2) and the limit exterior problem are uniquely solvable and their Green functions can be continued analytically to the complex plane with a cut along the negative real semiaxis so that their continuations, respectively, have discrete (for a fixed ε) sets of poles Σ ε and Σ ex lying below the real axis. As already noted, it was proved in [1] that, for all sufficiently small ε , any small neighborhood of a nonzero element k 0 ∈ Σ = Σ in ∪ Σ ex ∪ Σ cosh contains a pole τ ε ∈ Σ ε and, vice versa, if a compact set K is separated from Σ , then K ∩ Σ ε = ∅ for any sufficiently small ε .
In the case k 0 ∈ Σ in 1 \ Σ cosh , where Σ in 1 is the set of nonzero simple eigenfrequencies of the limit interior problem and k 0 ∈ Σ cosh \ Σ in , there exists a single sequence of poles converging to k 0 (see [4] ). Since the solutions of (1.1), (1.2) are studied for k > 0 and the pole τ ε is complex, in both cases the largest perturbations of the solutions occur if k = k(ε) = Re τ ε + O(Im τ ε ).
Such positive frequencies will be called peak frequencies. By S(t) and S ex (t) we denote the disks of radius t centered at the origin and at the point x (0) , respectively. By G in(ex) (x, y, k) we denote the Green function of the limit interior (exterior) problem, by u ex (x ; k) the solution of the limit exterior problem, and by ψ the eigenfunction (normed in L 2 (Ω in )) corresponding to the simple
